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24.. 1 IN T ROD UC TION 

The free electron models of metals that we have presented in the preceding chapter 

gives us a good deal of insight into several properties of metals. Yet there are many 

other important properties that these models do not explain. In particular, they 

do not tell u.s why, when chemical elements crystallize to become solids, some are 

good conductors, some are insulators , and yet others are semiconductors with electrical 

properties that vary greatJy WitJl temperarure. These differences are not minor, but 

rather remarkable. The resistivity may vary from p ~ 1O-8 0hm-m for a good 

conductor to p ~ 1022 ohm-m for a good insulator. 

We can understand the differences bet\veen insulators and conductors by 

extending the free electron model to take into account the interaction of the electrons 

witJl the positive ion lattice. In the quantum mechanical free electron (QMFE) model , 

we assumed that the potential energy inside tJle solid was uniform. It would be more 

realistic to assume that it is a periodic (alternating W1iformly) function ofx,y,z. This is 

reasonable because of the periodic distribution of the lattice ions in a crystalline solid. 

When the interaction bet\Veen the electrons and tJle lattice ions is considered, 

we will find some unusual properties possessed by the electrons in the crystal. 

1 	In the last chapter we saw that the QMFE model gave rise to a series ofdiscrete 

energy states, about 10-15 eV apart, which ranged from E ~ 0 to E = Ep, the 

Fermi level. This range ofenergy levels can be called a band ofenergies, and the 

energy levels are so close togemer tJlat they are referred to as quasicontinuous. 

In the band of the QMFE model tJlere were an infinite number of unoccupied 

energy states above the Fermi level that could be occupied by excited electrons. 

vVhen we introduce the potential of the lattice ions, we will see tJ1at bands of 

this type have upper and lower limits of allowable energies. If a band is not 

filled WitJl electrons, then the electrons may be excited into the empty states 

and contribute to electrical or thermal conduction. If, however, a band is filled , 

then there are no states to be occupied and the electrons cannot be excited. For 

conductors, we will see that the behavior of the electrons in the occupied band 

ofhighest energy is almost identical to that predicted by the QMFE model, but 

not so for insulators and semiconductors. The band theory model will solve the 

questions concerning tJle differences between conductors and insulators. 

2 	The electrons respond to an externally applied electric or magnetic field as ifthey 

were endowed with an effective mass m*, which may be greater or smaller than 

that of the free electron, or even be negative. By tJus we mean tJ1at the electrons 

can be treated as free in responding to an external electric and magnetic field 

provided that we assign to them a mass different from tJle true mass. 
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3 There are situations in which instead ofconduction by electrons it is convenient 

to attribute the conduction to charge carriers with a positive charge +e, called 

holes. 

There are several methods (or models) to show the existence of bands and to 

find the shape of the band. Some work well for certain materials, some with others. 

Quantitative band calculations must take into account the particular crystal structure, 

atomic configuration, and type ofbonding: These details belong to the realm ofsolid­

state physics research. Our purpose here is simply to show the existence of bands and 

the general characteristics. This can be achieved with idealized models and by using 

qualitative arguments. 

24.2 BLO CH' S T HEO R EM 

Before we proceed to study the motion of an electron in a periodic potential, l we 

should mention a general property of the wavenmctions in such a periodic potential. 
For a free electron with Ep = constant, the space part of the wave fwKtion 

ift(x, t), called the eigenfunction x(x), is written as (see Eq. 20.4) 

x(x) = e±ikx 

If the spacing of the ions in the x direction in a solid is d, then the potential 

~nergy of an electron at a point x distance from the origin is equal to the potential 

~nergy at a point x +d from the origin. This potential energy is equal in turn to that 

it point x + 2d from the origin, and so on. Therefore, we can generalize and take 

my point x in the lattice and state that the potential energy at that point is equal to 

:he potential energy at pointx +d or, stated mathematically, Ep(x) = Ep(x +d) . This 
s known as a periodic potential. There is a theorem by Bloch which states that for a 
Jarticle moving in a periodic potential, the eigenftmctions x(x) are of the form 

(24.1 ) 

vhere 

Lhese eigenfunctions are plane waves modulated by a function Uk(X), where Uk (x) has 

he same periodicity as the potential energy. Because the potential energy Ep(x) = 

lp(X +d), one expects that the probability offinding a particle at a given x is the same 

1. As indicated earlier, in Chapter 20, in quantum mechanics the potential enewy is often called the 
otential. 
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as that of finding it at x +d. This is guaranteed by the periodicity of Uk and can be 

seen in the following expression for the probability density. 

ikx ikxx*(x) x(x) = U"k(X) e- Uk (x) e

Therefore, when 

then 

x' (x) X(x) = x* (x + d) X(x + d) 

The specific form of the function Uk (x) will depend on the form of the function Ep(x ). 
We will now consider an idealized, one-dimensional periodic potential. 

24.3 THE KRONIG-PENNEY MODEL 

Let us try to understand what the potential energy ofan electron in a crystalline solid 

may look Jike. Consider a positively charged ion q and an electron eat a distancex from 
q as shown in Fig. 24-1. The electric potential energy from the coulomb attraction 

experienced by the electron is (Eq. 14.9). 

E (x) = __l_~ 
p 4nEQ x 

The variation ofEp with x is illustrated in Fig. 24-1. Suppose we now place another 

charge q at a point d away from the first. The potential energy Ep at any point on thex 

axis will be equal to the algebraic sum of the potential energies due to each individual 

charge, as illustrated in Fig. 24-2. The dashed lines represent the potential energy 

due to the individual q's and the solid lines represent the sum of the dashed lines. If 

we now place a long array ofq's separated by a distance d from each other to form a 

periodic array, the potential energy Ep looks like that shown in Fig. 24-3. The main 

features of the potential energy in Fig. 24-3 are: (1) it is periodic with a period d, (2) 

the maxima are halfway between the ions, and (3) the potential energy tends to-oo 

as the position of the ions is approached because the electron is bound more strongly 

to the ion as it comes closer and, because it takes more energy to pull it away, it can 

be said to lie in a deeper potential energy well the closer it is to the ion. 

Ifone tries to solve the Schrodinger equation for such a potential, one runs into 

mathematical difficulties that are best solved by a computer. However, we can replace 

the potential energy of Fig. 24-3 with one that is mathematically simpler to handle 

while retaining the essential features of the actual one. We replace the potential energy 

of Fi~. 24-3 by one consisting of periodically spaced rectangular wells as shown in 
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Potential energy Ep associated with tbe coulomb interaction ofan elccrrol1with a 

positil'C: iOIl +q as a function of the sep,lr<ltion x between the electron Jnd the ion, 

Fig. 24-4. The potential energy is a series of rectangular wells of width c, spaced a 

distance b apart so that the periodicity d = b + c, The energy of the wells is -Epo. 
However, it is convenient to shift the zero of po tential energy so that the bottoms of 

the wells Jre at potential energy E1' = 0 and the tops are at E1' = Epa . The potential 

energy of Fig. 24-4 has the same periodicity as the lattice; the potential energy is 

lOlVer in the vicinity of the ions and highest between the ions. This potential energy 

model is known as the Kronig-Penney model. 

To find the behavior of the electrons in sllch a periodic po tential, we have to 

find the eigenfunction that we can associate with them by so lving the Schrbdinger 

eCll1ation, 'vVe will not show all the mathematical det<1ils, but instead we will outline 

the method in order to understand the origin of the Dnal result. 

Because E" is either 0 or Epo, we solve for X separately in bo th regions I and II. 
We then impose the conoitions ofcontinuity for Xand d X/dx discussed in Chapter 20, 

while meeting the periodicity requirements, We will consider the case where E < Epa. 

E,u = 0 .\' = 0 x = d 
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Potential enerO'v0 , 

Ep when an eicccron interacts 

with t\l'O io ns (solid lines). The 

dashed lines correspond to the 

potential energy associated lVith 

the interaction of the electron lVith 

the individm.J ions. The solid lines 

represent the slim of the dashed lines. 
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Potential energy of an electron in a one-dimensional array of periodically spaced 

ions. The periodicity of the ions is d. 

Region I 

In region I Ep = 0 and the Scbrbdinger equation is written as (Eg. 20.18) 

where XI is tbe eigenfunction in region I. Rearranging terms, we get 

j2mEwhere y = - ­
h2 

From Bloch's theorem, XI = UI(X) eih (Eg. 24.1). Ifwe substimte this X in Eq. 24.2, 

we get a differential equation for Uj, 

2


dx 

f----d----.1 

(Bq Ep = Epo 

d Uj 

-2 +2ik

dUI 2 2 
- + (y -It )u] = 0
dx 

--

b~i-c 

I 
 II IE" 

~ ~ LL~E =0 ---L 
x = 0 p x = 4dx = d x = 2d x = 3d 

• I. Peri odic array ofrectangular potencial energy wdls ofdepth Epo ,widthc, separated 

by a distance b. The periodicity of the \VelJs is d = b + c. Such an array of potential energy \Veils can 

be lIsed to approximate the potential energy of Fig. 24-3. 
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The so lution of thi s equation can be found by the methods that we used before in 

Ch~lpter 20 and is 

II here .'~ and B are arbitrary const,l11ts. 

Region II 

III region II Ep = Epo and the Schrbdinger equation is written as 

h2 d2 
XII 

- -2 -d 2 + EpoXI[ = E XI[ 
rN x 

where XI[ is the eigenfunction in region II. Rearranging terms, we get 

d2 Xli ? 2m (Epo - E)- - - s- Xli = 0 w i1ere ~ = 
~~2 h2 

Ifll e substitute XI[ = ltIl(X) ei/", we wil.l get a differential equation for UII that can be 

solved by the same method yielding for ttrr 

whne C and D are arbitrary constants. 

The next step is to impose the requirements of continuity and periodicity, 

bct\"ccn the regions I and II. It is seen in Fig. 24-4 that regions I and II jo in at 

x = e12, therefo re, following the discussion in Seerion 20,2e, we recall that both 

the eigenfunctions dnd their first derivati ves must be continuo us across a boundary; 

1111l ilL'm,lticlily these criteria are 

XI G) = XI[ G) 
dXr (~) = dX lI (~)
dx2 d.x 2 

In addition, the periodicity requirements must be satisfied. This can be done by 

choosing po ints separated by the period of the lattice d, SUCh as x = -e12 and x = 

b+cI2. When we substitute Bloch functions for the X functions, that is, X = u(x) e+ih , 

the periodicity requirement o n the function u(x) yields 

ur (-~) = UII (b + ~) 

dur (_~) = dUII (b + ~) 
d~ 2 dx 2 

These four conditions on the eigenfunctions lead to fom linear algebraic equations 

fo r the constant A, B, C, D. In solving these equations, it is found that a solution 
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HI.it'IIL 1-1 ~ 

exists only if?­

sinyd 
p ----:;;;z- + cos yd = cos kd 

where 

_)2mEand, from Eq_ 24.2, y - /1
2 

(Note: This P is a new term with no relation to momentum). If this condition is not 

satisfied, the bOLU1dary conditions on X cannot be satisfied, and the corresponding 

X's are not acceptable solutions. In arriving at Eq. 24.3 we used one of the forms of 

Bloch functions, namely, X = u(x) e+ih . The same result wiU be obtained if we use 

the other form, that is, x(x) = u(x) e- ikx . 

24.3a. Allowed and Forbidden Energy Bands 

The main result of the solution of the Schrodinger equation for the periodic potential 

of Fig. 24-4 is that the only acceptable x's are those for which Eq. 24.3 holds. 

Let us try to understand the significance of Eq. 24.3. Remember that 

_)2mE 
y - /12 

Therefore y is a measure ofthe total energy, E, whereas k is the wave vector k = 2n:IA. 

From de Broglie's hypothesis, Eq. 19.1, A = hlp and therefore p = hh. Therefore 

k is a measure of the momentum of the particle. Equation 24.3 relates the total 

energy E of the electron to its momentum p. (The corresponding expression for the 

free particle is E = p2/2m = k2/12/2111.) Finding a direct analytical expression E(k) 

is not possible because Eq. 24.3 is a transcendental equation that caru10t be solved 

analytically. We can, however, solve it numerically: \Ve choose a y (an E), insert it 

2. In arri"ing ar Eg. 24.3, an addirionai sill1piificarion is madc, namely Epo is assumed ro approach 

infiniry and b ro rend ro zem while their product Epob remains constam. 

p 

yd 

n G l'I' J ~-J (. 

.~. J ,1 0 BAND THEOR Y OF SOLIDS 

sin (yd) 

I 
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into the equation, and solve for k. This is not difficult; in fact, it is a simple exercise 

in computer programming. When we do this we will find a rather interesting result. 

There will be ranges of y for which k will be a real number. Those ranges of y will be 

separated by other ranges for which k is imaginary. The momentum ofa particle cannot 

be imaginary, and the conclusion is as follows: A particle in this periodic potential 

cannot have values of y for which k is imaginary; therefore, the corresponcling values 

for E for these y's are not allowed. 

We do not have to go through the tedious task ofselecting a y and substituting 

it into the Eq. 24.3 to show this. We can get the result by qualitatively plotting the 

!eft side ofEq. 24.3, calling itf(yd) . 

sin yd
f( yd) = P --:;;;i + cos yd 

For example, let P = 5/2 n. The sine function is periodic, as in Fig. 24-5, and P/yd 

behaves as in Fig. 24-6. When we multiply these two fi.ll1ctions to get the first term of 

f(yd) , an oscillating function similar to sin yd results, but the amplitude will decrease 

with increasing yd. Some values are shown in Table 24-1. 

TABLE 24--1 

yd n ~n
2 2n ~n

2 3n Zn
2 4n 

psin yd 
yd ° 

5
-3 ° 1 ° 

5
-7 ° 

Between °and n we have to be careful, particularly close to yd = 0, because 

when yd = 0, P sin yd/yd = P 0/0, which is w1determined. We can, however, use the 

L'Hospitai rule on limits that 

d 
smx dx smx cosx 

lim -- = lim = lim - - = 1 
x .... 0 X x .... 0 d x-+o 1 

x 
dx 

Thus, in the limit as yd ~ 0, sin yd/ yd ~ 1. As yd begins to increase from 0, both 

sin yd and yd increase; however, the ratio decreases. Ifwe express yd in radians, we can 

easily show with a calculator that sin yd/ yd is a decreasing function of yd, which be­

comes °when yd = n. We can put all these facts together to obtain the plot of the first 

terms off(yd); this is shown in Fig. 24-7. Note that the larger P, the greater the slopes 

will be, because the zero positions are fixed. To get the entire function f(yd) , we must 

add to Fig. 24-7 the term cos yd, Fig. 24-8. Between °and n both fi.ll1ctions decrease; 

thereforeJ(yd) decreases and becomes -1 when yd = n. Mter n, the first term con­

tinues decreasing, while the second begins to increase. Because cos yd changes slowly 
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~ sin yd
yd 

(\ 
~----~-----.------~----~------~--~yd

"V'" 
near the maximum and minimum,j( yd) continues to decrease below -1. Somewhere 

between nand 3/2 Jf the trend reverses itself and f(yd) begins to increase, reaching 

the value of +1 at 2n. After 2n the first term off( yd) continues increasing while the 
second decreases. Again, just as before, the first term increases at a faster rate than the 

rate of decrease of the second term, and as a result f( yd) continues (for awhile) to 

increase past +1. Somewhere between 2n and 5/2 n the trend will reverse. 
These argLID1entS are reflected in a plot off( yd) versus yd, Fig. 24-9. The most 

important fact to note is that there are ranges of yd (shaded regions) for which the 

values off( yd) valy between +1 and -1. These ranges of yd are separated by others 

for which f( yd) is either greater than +1 or less than -1. The width of d1e shaded 
region, the ranges of yd for which f( yd) varies between +1 and -1, increases as yd 

increases. The condition that had to be satisfied for the solutions to the Schrodinger 

equation to be acceptable was, Eq. 24.3, 

f( yd) = cos kd 

cos yd 

110 l to. 2 1:- Plot of the first 

term ofttle left side ofEg. 24.3 as 

a function of yd. The plot, obtained 

by multiplying the sine function of 

Fig. 24-5 by tile function of Fig. 24· 

6, is an oscillating function of yd 

with decreasing amplitude. 





THE KRONIG -PENN EY MO DE L • 

((yd) 

, 
\ Forbidden y's Allowed y's 

-1 r----~--r.---_rr~L---------~~~-+----

)... 2n 

Substitution of this relation for p into the energy relation shows that the energy of 

the particle can be expressed in terms o f the wave vector as 

( ~ I. I 

, Plot of the functionJ(yd), that is, the left side ofEq. 24.3 versus yd (osciUating 

solid line). Theshaded areas represent the va lues ofyri for whichJ(yd) varies between 1 :ll1d -1. T hese 

I'alues of yd correspond to allowed energy values . They are separated by ranges of yd fo r whichflyd) 

is either greater than 1 of less than -1. T hese values of yd correspond to to rbidden energy values. 

Because cos kd takes values ranging from +1 to -1 , this means that th is condition can 

be sa tisfi ed only by those values of y forwhichf(yd ) lies within those limits. The values 

of y fo r whichf(yd) is outside these li mits correspond to y's for which the boundary 

cond itio ns cannot be satisfied and, therefore, these y's (and the corresponding E's) 

are no t physically accepta ble. vVe conclude that the electron may possess energies within 

certain bands ofenel'1}Y but not outside of them: There are allowed and forbidden bands of 

enel:gy available to electrons moving in a po·iodic lattice . 

.Another conclusion to be drawn from Fig. 24-9 is that the width of the allowed 

energy bands increases with increasing y (increasing energy E). The physical reason 

fo r this will become clear when we look at an alternative way of showing how the 

bands come abo\lt in Section 24.4 . 

Dispersion Relation 

For a free particle the relation between the energy E and the momentum p is E = 

p2/2m. From de Broglie's relation p = hi )... (Eq. 19.1 ), and because)... = 2nlk (Eq. 

11 .12), it follows that 

p = ~ = M = hk 
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E 

! 

- 271 
- d- -d' 

r,Z"zE=-- _ _ _ 
2m 

Forbidden 

! 

-3" 
- d-

H( I IU ' 2-1) II The solid lines show the dependence of the energy E on the wave vector 11 (and 

therefore, the momentum p) for an electron moving in the periodic array of rectangular potential 

weils of Fig. 24-4. The dashed line represents the rclation between the energy and the mementum 

for the free electron case. The values ofE for which Eq. 24.3 yields a real number for k are projected 

to the right of the figure as allowed energy bands (shaded bands). These are separated by ranges of 

E for which Eg. 24.3 yields an imaginary solution for k and correspond to forbidden energy values. 

The relation between the energy of a particle and its wave vector is often referred to 

as the dispersion relation. For a free particle, this relation is parabolic; that is, E ex k2 
, 

Eq. 24.4. This dependence is illustrated by the dashed lines of Fig. 24-10. 

When the particle is not free , the dispersion relation is usually more com plicated. 

Thus, as we have seen in Section 24.3a, for an electron moving in a one-dimensional 

array of potential wells the dispersion relation is given by Eq. 24.3 

sin yd
P --y;i + cos yd = cos kd 

where 

We saw that Eq. 24.3 is transcendental and must be solved numerically. We pick a 

value ofE, substitute it in Eq. 24.3, and obtain the value ofk for which the relation 

holds. If the procedure is repeated systematically for other values ofE, we "vill be able 

to make a table listing values ofE and the corresponding values of k. As we proceed 

with these numerical calculations, we find that there are energy intervals for which no 

rea) solution for k exists. These are the values ofE for which the left side ofEg. 24.3 

is either greater than +1 or less than -1. As indicated in the previous section, this 
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is physically unacceptable and, therefore, these energy values are forbidden. Results 

from the nwnerical method just described are illustrated by the solid lines ofFig. 24­

10. We note that u1ese solid lines yield the values ofE and the corresponding values 

ofk for certain ranges ofE. For other energy intervals the value ofk is not defined by 

the solid lines, these are the forbidden energies. Allowed and forbidden energies are 

projected to the right in Fig. 24-10 to represent the scheme ofallowed and forbidden 

energy bands. Another important result to be noted in Fig. 24-10 is that the curvature 

of the solid lines is not u1e same as that of the dashed line, which represents the 

dispersion relation for the free particle. This has important implications concerning 

the effective mass of the electrons and will be discussed in detail in Section 24.6. 
Although the Kronig-Penney model presented here shows clearly the existence 

of allowed and forbidden energy bands and at the same time gives us a mathematical 

expression with which to find u1e E versus k curves, it does not give much physical 

insight for u1e existence of these bands. Moreover, as presented here, it does not 

answer a question that will be important in the understanding of the difference 

between conductors, insulators, and semiconductors. The question is: How many 
energy states a1'e allowed within a given band? The answer so far seems to be an infinite 

number because within a band y can vary continuously. It would seem, therefore, 

that E can take an infinite, continuous range of values within an allowed band. The 

reason for this result is that in the periodic potential model we have assumed that 

the periodicity is infinitely long. In a real solid we have boundaries and, although we 

may have 1023 potential wells, it is still a finite number ofwells. Ifone introduces the 

boundary condition that we used in the infinite potential well model of Chapter 23, 

namely, X = 0 at the boundaries of the solid, one finds that the continuous spectmm 

within a band breaks into a quasicontinuous one. Rather than doing this directly, 

let us look at an alternative method of showing the existence of bands. This method 

is less quantitative, less mathematical, and less rigorous (although when llsed to do 

actual calculations it can be made rigorous), but it clearly shows the physical reason 

for the bands. This method will also yield the number ofenergy states allowed within 

a given band. 

24.4 TIGH T-BI N DI NG APPROXIM ATION 

One Llseful way to look at the formation of allowed and forbidden energy bands is to 

start with the energy levels ofthe individual neutral atoms when they are very far apart 

and watch the changes in these levels as the atoms get close together and the charge 

distributions of adjacent atoms begin to overlap. We can gain some insight into what 

happens by studying a simple one-dimensional quantum mechanical problem: that 

of two finite square potential wells. 
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VVhen we examined the one-dimensional infinite potential well of width a, 

Chapter 20, we found that the eigenfunctions and corresponding energy values that 

the particle may have are given by Eqs. 20.25 and 20.26. 

where 

B 
. Tr 

Xn = Sll1n-x 
a 

1'1 = 1,2,3, ... 

( 2ll .2 S 

( l U.26 ) 

In Fig. 24-11 we show the first twO eigenfunctions for the infinite potential well (see 

Fig. 20-4). For the finite well the results are similar but with minor differences. One 

such difference is that the eigenfunctions do not vanish at the boundary but extend a 

little bit outside the well (see Fig. 24-12). 

Let us consider the two finite potential wells B and C shown in Fig. 24-13a. 

If we have an electron with energy El that we know is definitely in well B, (i.e., 

well C is treated as though it is absent) the X describing such an electron will look 

as in Fig. 24-13b; XB and therefore X~ differ from 0 only in the region of the well 
B. Suppose instead that the electron is definitely in well C with energy E1. Then the 

eigenfunction will appear as shown in Fig. 24-13c; Xc and therefore X~ differ from 

oonly in the region of well C. But let us assume that the electron can be found with 

equal probability in both wells with energy El. What eigenfunction do we use to 

describe the electron? To answer this question, let us put forward the properties that 

such a wave function must have. 

X must reflect the fact that the electron can be found with equal probability in 

both wells. This means that the probability X2 must be symmetric with respect 

to a point halfway between the two wells. 

2 The part of X that reflects the probability that the particle be fOlU1d in well B 
with energy El must look like the eigenfunction associated with that energy 

when the particle is in wellB; that is, it must look like Fig. 24-13b. And the same 

applies to the part of the eigenfunction that reflects the probability of finding 

the particle in well c. 

Before we answer the question of eigenfunction selection, let us consider the 

following. We said that Xc is an eigenfimction that can represent an electron in well C 

with energy El. Actually - Xc could have been used instead. It has the same physical 

properties as Xc, and it is a solution to the Schrodinger equation for the same value 

x = 0 
(n) 

x = 0 

(/1) 

x = a 

l-)(, URI::. .24 -1 (a) Ground state 

eigenfunction Xl and (b) first excited 

state eigenfunction X2 for a particle 

in an infinite potential well. 

(n) 

(b) 

FILl'RL 14 12 (a) Ground state 

eigenfunction Xl and (b) first excited 

state eigenfunction Xl for a particle 

in a finite potemial well. 
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of the energy E[,3 and, moreover, X~ = (-Xc)2 Therefore, - X must be considered 

equally with +X. 
Let us now answer the question: What eigenfunction do we use to describe an 

electron with energy El that can be fOLmd egually in both wells? 

There are two possibilities: 

X, = a(XB + xc) 

XA = a(XB - xc) 
The constant a is introduced for normalization purposes; its value is not 

important to our arguments. It should be clear that X, (symmetric) shown in Fig. 24­

1417 satisfies the conditions set forth here. Figure 24-14b shows that x; is symmetric 

with respect to the midpoint between the wells, and this reflects the fact that the 

particle can be found with egual probability in the two wells. The other possibility, 

X.rl (antisymmetric) , Fig. 24-15a, also satisfies the conditions set forth, as can be seen 

by comparing Fig. 24-15b for X~ with Fig. 24-14b for X;. 
Let us see what happens to these two eigenfunctions when the separation 

between the two wells becomes very small. Figure 24-16a illustrates the individual 

eigenfunctions XB and xc , and Fig. 24-16b is the sum x.. = a(XB + Xc). The 

eigenfunction XS begins to look like the ground state eigenfunction for a 'well ofwid th 

2a. In fact, in the limit of no separation it becomes the ground state eigenfullction. 

On the other hand, the antisymmetric eigenfunction appears as in Fig. 24-17. Figure 

24-1717 shows the individual eigenfunctions XB and - Xc , and Fig. 24-17b their sum, 

M = a(XB - Xc)· The wavefl.1nction XA begins to look like the wavefunctioll of the 

first excited state for a well of width 2a. 

vVe conclude that although when the two wells were far apart both x" and 

XA were degenerate eigenfunctions (same energy states), the degeneracy begins to 

disappear as the two wells get close to each other; XA corresponds to a state of higher 

energy than x.,. 
In our discussion we assumed that the electron can be in either well B or well C. 

Ofcourse, when the t\vo wells are far apart the g uestion is purely academic. HO'wever, 

when they come close together so that the wavefllnctions fro111 the t\vo wells overlap, 

3. Docs - Xc satis!)' the Scbriidingcl' equatio n fo r E l ) Let us substitute it inro the Schrodinger 
equ,l[ioI1, 

112 d2 (- xc l 
- 2m dT +Ep(- XcJ = E 1 (- Xc) 

MulLip lying both sides of this equJtion by -1 >we get 

112 d 2 xc 
- 2m d,) + Ep xc=ElXC 

which demo nstrates the S<1me equallt)' as do es Xc; so both Xc <lnd - xc .)re eq uivaicnt so lutio ns to the 
Sclm jdinger equatio ns for the same energy E l. 
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(II) lil'o 

tinire potc)1[ial wells B ,1nd (C /7) 

Eigenfullction 'lssociJtcd with ,111 
(/J) 

dccrroll ill II'cll13 Ilith t il( groulld 

st:]tc energl', (c) Eigcnfunctioll 

,1ssociated \\'ith an ekcrroll in \\ e ll C 
(c) with the ground stJtc tllcrgl', 

(n) 	 (a) SI'I11111l'rric 

eigenfunctioJl reprcscllting an 

CkcrWll tilJt CO\1l Lx [()L1lld with cqu,ll 

probolbility in til e l\10 lI'eJis otTig 24­

13 ",ith rhe ground Sto][(: ellergl ', (11) 

l'robJbilm' dmsity ,1ssociJtcd II'Irh 
(/,) 	 the s\111J11en'ic eigcnfullctioll ill (ITI , 

(n) 

Alltis),1l1n1CfI'ic 

cigCllhlllCrion representing all 

electron th.lt on be tClLJI1d "'i dl 

el]Lu! probabilin' ill the l\I'O well, 

of Fig, 24-13 ",irh rhe g ro ui1li 

srare cl1ergl', (a) Probability d ell ',in 

associ,lted IVith the Clnrisl'l11l11erric 

eigenfunctio n of (ll), 

it is possible for the electron that initially was in well C to move into well B, because 

(n) 	 (I,) 

Whcll the [11'0 wells arc l-cry dose together, the s\,JlUl1ctric eigenfunction of 

Fig 24-14 looks like rhe ground stelte eigenfunction for a tinite \I'ell ofll'idth 211 (.ICC Fig, 24-1211 ), 



BAND THEORY OF SOLIDS 

(a ) Two 

finite potCllti;ll \I'e1ls B .l!1d (e h) 

Eigenfunctioll associated with .111 
(t ,) 

clectron in well B with thc groulJd 

state cnergv, (r) Eig;cnfunction 

a"oci '1ted with ;)11 e1cctron in well C 
(e) with the ground starc cnngv, 

(Il) SVJl1llletric 

2 
,IS 

eigenfunction reprcsenting an 

electron that can he tClLlIld with ("'llI'11 
probabililY in the two wells offig 24­

13 \I'ith the gl'Ound SDte ellug\" (ill 

Probability density '1ssociatcd 1I'Ith 

(h) the s),l1lll1ctL'ie eigenfunction in (11), 

(iI) 

An tisl'll1 [nettie 

eigenfunction representing an 

elcctmn thJ.t Cln be found with 

equal pmbability in the two "'ell , 

of Fig, 24-13 with tbc grouilli 

St3[C encrg\', (b) Probability dcnsity 

Jssociatcd with thc antiwll1ll1ct!'ic 

(b) eigenfunction of (a ), 

it is possible for the electron tllat initially was in well C to move into well B, because 

(a) (/') 

\-"hen the t\l'O wells a['e I"TV close tOgether, the symJl1etric eigenfunction of 

Fig, 24-14 looks likc the ground st,lte eigcllfu[lCtioll rot ,1 finite wcll of\\'idth 2a (sec Fig, 24-1211 ), 
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its wavefunction is not zero at the location of well B, and the same holds for the 

electron that initially was in well B; it can move, or tunnel, into \vell C because its 

\va\,efunction has a finite value in well C. Thus, even if the electron was initially in one 

well , after the two wells are brought close together, if we wait long enough, there is 

no way to predict exactly in which one it will be . Similarly, ifwe had started with two 

wells and one electron in each well, after they are brought together, there is no way of 

s<l)'ing in which well either of the two electrons will be. The only thing that we can say 

is that the probability of finding an electron in one well is the same as the probability 

of finding it in the o ther. Either XA or XS \vill be appropriate to describe its behavior 

because both X~ and x} are symmetric with respect to the midpoint between tlle wells. 

The impo rtant conclusion from tllis simple artificial example is tlut lfyou start 

with two identical x's (same ene1'lJY) in two identical independent systems) when YOtt bring 

the tJiJO togethe1) the two degenerate x's break up into tlVO nondegenerate x's. However, this 

example does not give the reason for this result. What is the physical reason for the 

breJicu p of the degeneracy? 

Let us look at a real example of tWO hydrogen atoms, each with its electron 

in the is ground state. If one solves the radial part of the Schrodinger eguation for 

the hydrogen atom, Eg. 21.6, one obtains the radial part of the eigenfunction for 
r/rothe 1.1 state as X = e- . In tlle one-dimensional sketch, the eigenfunction decreases 

exponentially as the distance r from the nucleus increases. The eigenfunctions XB and 

Xc in Fig. 24-18 are those associated with the two independent atoms Band C. As the 

two ,Homs are brought together, the eigenfunctions overlap, and the electrons from 

Band C can change places. We are led to consider, just as before, the two possible 

combinations of XB and Xc shown in Fig. 24-19, where the dashed lines represent 

how the eigenfunctions of each would appear if the other were not present, and the 

solid line is the sum or combined eigenfl..u1Ction. The electron distribution between 

the (\\'0 protons em be seen by plotting the probability functions 1X.i 12 and 1XA 1
2

, 

Fig. 24-20. Both distributions are symmetric with respect to the midpoint be(\veen 

the two protons, and therefore the probability of finding an electron at a certain 

distance fro m one proton is the same as the pro bability of finding it at the same 

, 


I---a- I--a 
XA = a(YB - J(cl 

~ W 
I- When the \\'dls are very close together, the :lntisymmetric eigcntunctioll of 

Fig. 24·15 looks li ke the first excited state ora finite well of width 2a (see Fig. 24-12b) . 
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its wavefunction is not zero at the location of well B, and the same holds for the 

electron that initially was in well B; it can move, or tunnel, into well C because its 

wavefunction has a finite value in well C. Thus, even if the electron was initially in one 

well, after the two wells are brought close together, if ,ve wait long enough, there is 

no way to predict exactly in which one it will be. Similarly, ifwe had started with two 

wells and one electron in each well, after they are brought together, there is no way of 

saying in which well eitheroftlle two electrons will be. The only thing that we can say 

is that the probability of finding an electron in one well is the same as the probability 

of finding it in the other. Either XA or x( will be appropriate to describe its behavior 

because bOtll x~ and x; are symmetric with respect to the midpoint between the wells. 

The important conclusion from this simple artificial example is that ifyou start 

with two identical X's (same ener;gy) in two identical independent systems) when you bring 

the two together, the nvo degenerate x's break up into two nondegenerate X's. However, this 

example does not give the reason for tllis result. What is the physical reason for the 

breakup of the degeneracy? 

Let us look at a real example of two hydrogen atoms, each with its electron 

in the is ground state. If one solves the radial part of the Schri::idinger equation for 

the hydrogen atom, Eq. 21.6, one obtains tlle radial part of the eigenfunction for 
rjrothe is state as X = e- . In the one-dimensional sketch, tlle eigenfi.ll1ction decreases 

exponentially as tlle distance r from the nucleus increases. The eigenfunctions XB and 

Xc in Fig. 24-18 are those associated with the two independent atoms Band C. As the 

twO atoms are brought together, tlle eigenfunctions overlap, and the electrons from 

B ,lOd C can change places. We are led to consider, just as before, the t\vo possible 

combinations of XB and xc shown in Fig. 24-19, where tlle dashed lines represent 

how tlle eigenfi.ll1ctions of each would appear if tlle other were not present, and the 

solid line is tlle sLIm or combined eigenfi.mction. The electron distribution between 

the two protons can be seen by plotting the probability fi.ll1ctions IXsl2 and IXAI2, 
Fig. 24-20. Both distributions are symmetric with respect to the midpoint between 

the two protons, and therefore tlle probability of finding an electron at a certain 

distance from one proton is the same as the probability of finding it at the same 

xs iJr­/~ I 
/ 

/ 
./ 

f--a I =-a------j / 

c"'-Jx
w~ 

FIe L lC- 2A- I -:- When the weUs are very close together, the antisymmetric eigenfunction of 

Fig. 24-15 looks like the first excited state of a finite weU of width 2a (see Fig_ 24-12b). 



BAND THEOR Y OF SOLID S 

distance from the other proton. Both eigenfunctions are thus suitable to represent 

the behavior of either electron. However, an electron in a state x, has a lower energy 

than one in XA. The reason is that an electron in x, is more likely to be between the 

two protons than being near to just one. Figure 24-20a shows that the probability 

function X~ in the region between the !:\vo protons is greater than on either side of 

the protons. As a result, the electron spends a considerable amount of time between 

the two protons. In this region it is under the attractive influence of both protons 

at once. The binding energy of the electron resulting from the presence of the two 

protons will be more negative than if it was only under the influence of one of them. 

On the other hand, an electron in state XA spends its time with either one proton 

or the other. It is hardly ever with both (see Fig. 24-20b) and, as a result, this extra 

contribution to the binding is not there or at least is very small. 

Thus) when two atoms al'e brought togethelS two separate mel'lJ)' levels are formed fi -om 

each level ofthe isolated atom. The physical reason for this effect is the differing wa),s that the 

electrom interact lVith the ions in the symmetric and antisymrnetric states. 

This is not a band, but two atoms do not make a solid. Suppose that N atoms 

are brought together to form a solid, then each of the levels of the individual isolated 

atoms breaks up in to N discrete, closely spaced levels and becomes a band of energy 

levels. This can be illustrated with the 1s level of six hydrogen atoms. If we start with 

six individual 1s states and consider all the possible ways of adding the six individual 

1s states, we get six types of combinations having different energies (see Fig. 24-21). 

In the first level , the six individual eigenfunctions all add symmetrically, 

Xli rst "wi = XI + X2 + X3 + X4 + Xs + X6 

As a result, there are jil'e places along the lattice where the electron will be under the 

attractive (binding) influence of two nuclei. In the second level, the X's from the first 

three atoms add symmetrically among themselves and so do the last three , but the 

resulting X from the first three adds antisymmetrically with the resulting X from the 

last three: 

As a result, there are onlyfoul- places along the lattice where the electron will be under 

the simultaneous influence of two nuclei that gives the extra negative contribution 

to the energy. The energy of an electron in this level will be higher than that of an 

Xc 

------~®~------------~0----~--

Radial part of the ground st<lte eigenfunctions of t\\'o isolated Iwdrogcn ato rns 

as a function of the distance of the electrons from the respcctil'c lluclei. 

--------~Q}----{D~----~ 
(0 ) 

--------~r---~--;;r

(u) 

(a) SymJlletric 

combination of the ground state 

eigenfunctions of the two im!l"idu<ll 

hydrogen atoms of Fig. 24-18. (b ) 

AlltisYtnmctric combination of U1C 

same two eigenfunctions. 

(n) 

(/1) 

(a) probability 

densitv associated with the SI'llll11L'uic 

eigenfunction of Fig. 24-19a , (b) 

Probability densirv associ:ltcd \\'ith 

the anris)'~lmetri; eigenfUllltJon of 
Fig. 24-19b. Note that X~ is LH!;nn 
the reaion between the [\,'0 nuclei $(1o 
therefore the electro n rql!'csentec1 bl' 

'd bl ' '-ct\l"cCil
X, spelldS COilS! era e tIme l' , 

both nuclei. x~ docs not h,1\'C thiS 

feature. 
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distance from the other proton. Both eigenfunctions are thus suitable to represent 

the behavior of either electron. However, an electron in a state Xs has a lower energy 

than one in XA. The reason is that an electron in XS is more likely to be between the 
two protons than being near to just one. Figure 24-20a shows that the probability 
function x; in the region between the two protons is greater than on either side of 

the protons. As a result, the electron spends a considerable amount of time between 

the two protons. In this region it is under the attractive influence of both protons 
at once. The binding energy of the electron resulting from the presence of the two 

protons will be more negative than if it was only under the influence of one of them. 

On the other hand, an electron in state XA spends its time with either one proton 
or the other. It is hardly ever with both (see Fig. 24-20b) and, as a result, this extra 

contribution to the binding is not there or at least is very small. 

Thus) when two atoms are brought togethe1, two separate energy l!Wels are formed from 

each l!Wel ofthe isolated atom. The physical reason for this effict is the differing ways that the 

electrons interact with the ions in the symmetric and antisymmetric state.i. 

This is not a band, but two atoms do not make a solid. Suppose that N atoms 

are brought together to form a solid, then each of the levels of the individual isolated 
atoms breaks up into N discrete, closely spaced levels and becomes a band of energy 

levels. This can be illustrated with the Is level of six hydrogen atoms. Ifwe start with 

SL'\ individual Is states and consider all the possible ways of adding the six individual 
Is states, we get six types of combinations having different energies (see Fig. 24-21). 

In the first level, the six individual eigenfunctions aJJ add synunetrically, 

Xfirsr level = Xl + X2 + X3 + X4 + XS + X6 

As a resuJt, there are five places along the lattice where the electron will be under the 

attractive (binding) influence of (\\'o nuclei. In the second level, the x's from the first 

three atoms add symmetrically among themselves and so do the last three, but the 
resulting X from the first three adds antisymmetrically with the resuJting X from the 

last three: 

Xsecol1d Iml = (Xl + X2 + X3) - (X4 + XS + X6) 

As a result, there are onJyfour places along the lattice where the electron will be wlder 

the simuJta.l1eous influence of (\\'o nuclei that gives the extra negative contribution 

to the energy. The energy of an electron in this level will be higher than that of an 

H G l11U- 2,1 -1 g Radial part of the ground state eigenfunctions of twO isolated hydrogen atoms 

as a function of the distance of the electrons from the respective nuclei. 

Xs = a(XB + Xc) 

Cb) 

HGL'RL H -Fl (a) Symmetric 

combination of the ground state 

eigenfunctions of the two individual 

hydrogen atoms of Fig. 24-18. (b) 
Antisymmetric combination of the 

same two eigenfLUlCtions. 

Cal 

Cb) 

FlG l R.E 24 20 (a) Probabiliry 

density associated with the symmetric 

eigenfunction of Fig. 24-19a. (b) 

Probability density associated with 

the antisymmetric eigenfunction of 

Fig. 24-19b. Note that X; is large in 

the region between the two nuclei sa 

therefore the electron represented by 

x, spends considerable time between 

both nuclei. x~ does not have this 

feature. 
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6th level 
(Highest E) . 

'. 

5th level 

3rd level 

/ 

2nd level 

1st level 
(Lowest E) 

Xt X2 X3 X4 X5 x6 

/ 

0 0 0 0 0 0 

electron in the first leveL The combination of the individual X's to form the rest of 

the levels is done in a similar way as the first two examples. The result concerning 

the energy of each can also be reasoned in a similar way: In the third level, there 

are on ly three places where the electron would be under the simultaneous influence 

of two nuclei and, consequently, the energy of the level will be higher than the 

previous t:vo. This goes on until the sixth level, where this extra contribution to the 

binding is nowhere in the lattice. Therefore, this state corresponds to the highest 

energy. 

It should be apparent that when we extend this analysis to a lattice of N atoms, 

the individual identical states of the atoms wiU give rise to N different energy states. 

However, regardless of the number, the two extremes wiU look like the first and sixth 

level ofour example. It should also be apparent that the energy difference between the 

two extremes and, therefore the width of the band, should not depend app rec iably 

on N. Increasing N increases the number of si tes where the extra contribution to 

the energy can take place. But it simultaneo usly decreases the amount of time that 

the electron spends in anyone site, making the total time in aU such sites constant. 

vVhat affects the width of the band is how close any two atoms are to each other. The 

closer, the greater the overlap of the wavefunctions and therefore the larger X2 wiU 

I. ' ., Six possible 

combinations of the ground state 

eigenfunctions of six hydrogen 

atoms, each correspond ing to a 

different energy state. At the bottom 

of the figme the si.:'( individual 

eigen functions are sketched. The 

sketches above them represent SLX 

possible ways of adding them either 

symmetrical ly or :ll1tis),mmctrically. 

E 

Is state 

Interatomic separat ion 

I "'{I '.... ~ Splitting of 

the 15 sta te of SLX hydrogen atoms 

into a band of SLX energy levels as 

the separa tio n between the ato ms 

decreases. Note d1C increase in 

the bandwidth with decreasing 

interatomic separation. 
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6th level 
(H ighest E) 

5th level 

1"" 'e" 

kJ 

3rd level 

2nd leve l 

1st level 
(Lowest E) 

~I ~3 

elecn'on in the first level. The combination of the individual X's to form the rest of 

the ;CI 'elS is done in a similar W,1\' <1S the first two exatTlples. The result concerning 

the l'llng\' of tach can ,11s0 be reasoned in a similar wa)': In the third level , there 

,1["e <Jill\' tlm:e pbces where the electron \Vould be under the simultaneous influel1ce 

of til 0 nuclei and, consequentlv, the energy of the level wiJl be higher than the 

prcI iOllS tIVO. This goes on until the sixth level, where this extra colltribution to the 

bindi l1g is nowhere in the bttice. Therdore, this state conesponds to the highest 

cne l ~ \', 

[t should be app~lret1t that when lVe extcnd this analysis to a lattice of N atoms, 

the il1Clivicill<11 identiol states of the atoms will gi,'e rise to N different magy states . 

H(I\\ CI'er, regcmi1ess of the Dumber, the 1:\1'0 extremes lVilllook like the first and six th 

lcI d orom example. It should also be app,ll'Cllt that the energy ditferencc bel:\veen the 

t\1() extremes and , therdore the width of the balld, should not depend ~1ppreciably 

Oil \" (ncre,lsing N increases the number of sites where the extra col1tribution to 

the cile rgy can take E,lcKe. But it simultaneo usly decreases the amount of time that 

th t: electron spends in .111\' one site, ma king the tot,l l time in all such sites constant, 

\rl l.lt affects the width of the band is how dose any two atomS are to each otbel', The 

clu'l'\', the greater the overlap of the w,lI'efunctiollS ,md the refore the larger X2 will 

Sis possible 

colllbin<ltio ns of the groLi nd stJte 

eigenfullctions of six hydrogen 

,Homs, each (OlTcsponding to a 

diffe rcnt energl' st;HC, At the bottol11 

o f the figure the six indil'iciml 

cigmfullctiolls ;m: ske tched . The 

sketches 'lbOl'C them represent six 

l'oss ible lI'al'S of adding them either 

sl' l11ll1ctri callv or ;lll tisvll1l11ct riClllv. 

E 

I s state 

Inleratom ic separation 

Splitting of 

the ls state o f six h)'drogcll atoms 

imo a bmd of six el1ergv le vels ,1S 

the scp,l r,nio n betwce l1 the ;\tOIl1S 

decreases. Note the illCre;\Se in 

the bal1dwidth with dccrc:asillg 

i11 tc r;1 rom ic SepJl';lti o l1 . 
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be between the two nuclei for symmetric states, with tl1e consequence of stronger 

binding. Figure 24-22 shows how the wavefunction for six different atoms separates 

into SL\: different energy levels when the atoms are brought close enough together. 

And the closer they are brought, the greater is the separation of the energy levels. For 

the usual interatomic separation found in a solid, the width of the band is typically a 

few electron volts. For a macroscopic solid with N ~ 1023 , the separation between 

adjacent levels will be ~ 10-23 eV, an insignificant amount. 

We thus have shown that when one brings a lalge number N of atol'i'lS together to 

form a solid) the individual atomic enel;gy leFels ofthe atom break up into a quasicontinuous 

enetgy band. Within the band there are N distinct but ver), close enel1])' leFels. 

So far, we ha\'e limited ourselves to one~electron atoms where the electron is 

in the Is state. When the analysis is extended to l11ultielectron atoms where we have 

electrons in other states, one finds that each of the individual atomic states breaks llP 

into similar bands of quasicontinuous states . Thus, if we consider sodium (Na) with 

an electronic configuration Is2 2s2 2p6 3s 1 (Section 21. 7b), we may expect the band 

structure illustrated schematically in Fig. 24-23. Notice that the bandwidth for the 

low-lying levels is smaller than for the higher energy ones. The reason is that electrons 

in the lower levels are electrons in the inner subs hells of the atoms; these electrons are 

not influenced mllch by the presence of other aroms because their waveful1ctions do 

not overlap significantly with those of the electrons of other atoms. Therefore, they 

give rise to narrower bands. 

The situation depicted in Fig. 24-23 is what one may expect in general. The 

situation for real solids is some\Nhat more complicated. Vole must realize that we 

have been Llsing qualitative arguments and one-dimensional models for the sake of 

mathematical as well as conceptual simplicity. These models have educational value 

because they bring out the main features of band theory. However, if we want 

to get theoretical results that can be compared with those of the experiments, we 

must face the three-dimensional world, and our qualitative arguments must become 

quantitative. 'Vhen this is done, we should not be surprised that the simple pictures 

mar have to be modified somewhat. The main features that we have found -namely, 

35----- 38 band 

21' band21'---- ­

25 - ---- E 28 band 

].5----- ___ ___ 1" band 

Atom Solid 

Expected 

splirring of the first rOllr ;]tomi, !c"ds 

ofsodiul11 into [<llil' elJug,v bJllch i ll 

J sodiul11 en·stal. j 
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be between the two nuclei for symmetric states, with the consequence of stronger 

binding. Figure 24-22 shows how the wavefunction for six different atoms separates 

into si.x different energy levels when the atoms are brought close enough together. 

And the closer they are brought, the greater is the separation of the energy levels. For 

the usual interatomic separation found in a solid, the width of the band is typically a 

few electron volts. For a macroscopic solid with N '" 1023 , the separation between 

adjacent levels will be'" 10-23 eV, an insignificant amount. 

We thus have shown thatlJ?hen one brings a large number N of atoms together to 

form a solid) the individual atomic m el:!!)' leJ!els ofthe atom break up into a quasicontinuous 

energy band. Within the band there a7'e N distinct but vel,)' close energy [ods. 

So far, we have limited ourselves to one-electron atoms where the electron is 

in the Is state. When the analysis is extended to multielcctron atoms where we have 

electrons in other states, one finds that each of the individual atomic states breaks up 

into similar bands of quasicontinuous states. Thus, if we consider sodium (Na) with 

an electronic configuration 1s2 2s2 2p6 3.\ I (Section 21. 7b), we may expect the band 

structure illustrated schematically in Fig. 24-23. Notice that the bandwidth for the 

low-lying levels is smaller than for the higher energy ones. The reason is that electrOlls 

in the lower levels are electrons in the inner subshells of the atoms; these electrons are 

not influenced much by the presence of other atoms because their wavefunctions do 

not overlap significantly with those of the electrons of other atoms. Therefore, they 

give rise to narrower bands. 

The situation depicted in Fig. 24-23 is vvhat one may expect in general. The 

situation for real solids is somewhat more complicated. We must realize that we 

have been using qualitative arguments and one-dimensional models for the sake of 

mathematical as well as conceptual simplicity. These models have educational value 

because they bring out the main features of band theory. However, if we want 

to get theoretical results that can be compared with those of the experiments, we 

must face the three-dimensional world, and our qualitative arguments must become 

quantitative. When this is done, we should not be surprised that the simple pictures 

may have to be modified somewhat. The main features that we have found - namely, 

35----- 38 band 
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CO NDU CT OR S, IN SU LA TOR S, AND SEM ICO ND UC TOR S 

that each atomic level breaks up into a band and that in each band there are N energy 

levels -are retained. These two features wiU enable us to understand the differences 

between conductors, insulators, and semiconductors . 

CONDLICTORS , INSULATO R S, A N D 24.5 SEMICONDLI CTORS 

vVt are now in a position to understand why some solids are good conductors, and 

some are not. We must keep in mind two facts. 

As we explained in Section 23.3f, for electrons to experience an acceleration in 

the presence ofan electric field [and therefore to contribute to the current, they 

must be able to move into new, slightly higher energy states. This means that 

the states that are ~1Vailable for the electrons must be both e111pty and allowed. For 

example, if relatively few electrons reside in an otherwise empty band, a large 

number of unoccupied states are :lvailable into which the electrons can move; 

these electrons can acquire energy from the electric field and contribute to the 

current. On the other hand, if a band is full, then the electrons in that band 

cannot contribute to the current because they cannot move into slightly higher 

energy states. They therefore cannot be accelerated by the electric field . 

There is a limit to the number of electrons that can be placed in a given band. 

We know that there are N different energy states in each band. If the band is 

an J" band (one formed from atomic 5 states ) then, the orbital quantum number 

l = 0 and therefore 111/ = 0 and 111, = ± 1/2. We can place two electrons in each 

of the N states without violating Pauli's exclusion principle. In a p band l = 1, 

n'l/ = 0, 1, -1 and for each value of 111/, m , = ± 1/2 . In each of the N energy 

levels we can put six electrons. In general, because for a given l there are (2l + 1) 

values of 111, and for each 111, there are two values of 111" we have 2(21 + l )N 

openings available to the electrons in a given band; for example, in a d band the 

number is 2(2 x 2 + I)N = ION. 

Let us consider some hypothetical examples on the bas is of these two facts. 

Consider a solid of N atoms with each atom having 11 electrons. Altogether there 

are lIN electrons. 2N electrons may be put in the Is band, 2N in the 25 band, 6N 

in the 2p band. There remain N electrons that may be placed in the next available 

band, the 3.\. But the 35 band has room for 2N electrons, and therefore it will be 

on Iv half n.lll (see Fig. 24-24). As a consequence, half the states in the 35 band (the 

unoccupied ones) are available to the N electrons in that band. Because there are 

available states, theN electrons in this band can be accelerated by an electric field and 

move into higher energy states. This solid JVould be an electrical conductor. Note that 
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tll:!t each atomic level breaks up into a band and that in each band there areN energy 

lc\'els-are retained, These two features will enable us to understand the differences 

between conductors, insulators, and semiconductors, 

CONDLICTORS , INSLILA T OR S, AND24.5 SEMI CON DU CTORS 

vVe are now in a position to understand why some solids are good conductors, and 

some are not. \iVe must keep in mind two facts, 

As we explained in Section 23,3f, for electrons to experience an acceleration in 

the presence ofan electric field [ and therefore to contribute to the current, they 

must be able to move into new, slightly higher energy states, This means that 

the states that are available for the electrons must be both empty and allowed, For 

ex:unple, if relatively few electrons reside in an otherwise empty band, a large 

number of unoccupied states are available into which the electrons can move; 

these electrons can acquire energy from the electric field and contribute to the 

current, On the other hand, if a band is full, then the electrons in that band 

cannot contribute to the current because they cannot move into slightly higher 

energy states, They therefore cannot be accelerated by the electric field, 

There is a limit to the nLU11ber of electrons that can be placed in a given band, 

We know tl1at there are N different energy states in each band, If tl1e band is 

ans band (one formed from atomics states) then, the orbital quantum number 

l = 0 and therefore m, = 0 and ms = ±1/ 2, We can place two electrons in each 

of the N states without violating Pauli's exclusion principle, In ap band l = 1, 

Hit, = 0, 1, -1 and for each value of ml, In., = ± 1/ 2, In each of the N energy 

levels we can put six electrons, In general, because for a given l there are (2l +1) 

values of ml and for each m, there are two values of ms , we have 2(2l + l)N 

openings available to the electrons in a given band; for example, in a d band the 

number is 2(2 x 2 + l)N = lON, 

Let us consider some hypothetical examples on tl1e basis of these t\vo facts, 

Consider a solid of N atoms witl1 each atom having 11 electrons, Altogether there 

are lIN electrons, 2N electrons may be put in the 15 band, 2N in the 25 band, 6N 
in the 2p band, There remain N electrons that may be placed in tl1e next available 

band , tl1e 35, But the 35 band has room for 2N electrons, and therefore it will be 

only half full (see Fig, 24-24), As a consequence, half the states in the 35 band (the 

unoccupied ones) are available to the N electrons in that band, Because there are 

avatlable states, the N electrons in this band can be accelerated by an electric field and 

move into higher energy states, This solid would be an electrical conductor, Note that 
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because the N electrons in the 35 band obey the Pauli exclusion principle, they obey 

Fermi-Dirac statistics; that is, at T = OK they all reside in the lowest energy levels of 

the band and the highest occupied level becomes the Fermi level. For T > 0, a few 

(as we saw in the previous chapter) can be above the Fermi level. The N electrons in 

the 35 band behave as predicted by the QMFE model with one minor modification 
that we will discuss later. We can see that the effect of the periodic potential on the 

motion of electrons in a solid "vith a partially filled band is unimportant, and that is 

the reason why the QMFE model was so successful in predicting the properties of 

conductors. This hypothetical solid is of course Na (Z = 11). The only difference 

between the hypothetical solid and the real Na is that in sodium metal the next band, 

the 3p, overlaps the 35 band. But all that this does is to provide additional empty 

energy levels for the N electrons in the 35 band. 

The sanle arguments used for Na apply to lithiwn (152 25 1), potassium 

(152 252 2p6 3523p 6 4s I), as well as to rubidium and cesium. (See the periodic table in 

Chapter 21.) 

It should be noted that the highest energy band containing electrons is called 

the valence band. If, as in the case of sodium, this band is only partially filled, it 

is also called the condur:tion band because electrons in that band are responsible for 

conduction processes. 

Next consider magnesium (Z 12) with electronic configuration 

15 2 25 2 2p6 352 . In a solid with N atoms, there are 12N electrons. Following the pre­

vious scheme, 2N electrons go into the 15 band, 2N into the 25, 6N into the 2p, and 

the remaining 2N into the 35. AU 12N electrons have been accowlted for in the pro­

cess. They have completely filled the 3s band. According to our previous argument, 

there are no empty energy states available for the electrons in the 3s band to move 

into; therefore, they cannot contribute to conduction. With no empty states through 

which charged particles may contribute to conduction, Mg should be an insulator. 

But it is not. The reason is that as in the case ofNa, the 3p and 3s bands overlap (see 

Fig. 24-25 ). Because the 3p band has 6N empty states, the 2N electrons have available 

to tilem 2N +6N states ofwhich only 2N are occupied. Mg is therefore a conductor. 

Similar arguments appl)' to beryllium, calciwn, zinc, and barium, all of which are in 

the same group in tile periodic table. 

Now consider carbon (ls2 2s2 2p2) in its diamond structure. As N atoms of C 

are brought together, tile), have 6N electrons. 2N filJ the 15 band, 2N fill tile 2s band, 

and there are 2N electrons left to place in the next available band, the 2p, which has 

room for 6N electrons. The 2p band would be a partially filled band with plenty of 

empty states available (see Fig. 24-26). Diamond should therefore be a conductor. 

But it is not. It is an excellent insulator. As we mentioned before, me qualitative 

arguments elucidate tile main features of band structure. However, when dealing 

with a specific crystalline material, the arguments must become quantitative. 'When 
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because the N electrons in the 35 band obey the Pauli exclusion principle, they obey 

Fermi-Dirac statistics; that is, at T = OK they all reside in the lowest energy levels of 

the band and the highest occupied level becomes the Fermi level. For T > 0, a few 

(as we saw in the previous chapter) can be above the Fermi level. The N electrons in 

the 35 band behave as predicted by the QMFE model with one minor modification 

that we will discuss later. We can see that the effect of the periodic potential on the 

motion of electrons in a solid with a partially filled band is unimportant, and that is 

the reason why the QMFE model was so successful in predicting the properties of 

conductors. This hypothetical solid is of course Na (Z = 11). The only difference 

between the hypothetical solid and the real Na is that in sodium metal the next band, 

the 3p, overlaps the 35 band. But all that this does is to provide additional empty 

energy levels for the N electrons in the 35 band. 

The same arguments used for Na apply to lithium (l52 25 1), potassium 

(l5 2 252 2p6 352 3p6 45 1 ), as well as to rubidium and cesium. (See the periodic table in 

Chapter 21.) 

It should be noted that the highest energy band containing electrons is called 

the valence band. If, as in the case of sodium, this band is only partially filled, it 

is also called the conduction band because electrons in that band are responsible for 

conduction processes. 

Next consider magnesium (Z 12) Witll electronic configuration 

15 2 25 2 2p6 35 2. In a solid withN atoms, there are 12N electrons. Following the pre­

vious scheme, 2N electrons go into the 15 band, 2N into the 25, 6N into tlle 2p, and 

tlle remaining 2N into the 35. All12N electrons have been accowlted for in tlle pro­

cess. They have completely filled the 3.1 band. According to our previous argument, 

there are no empty energy states available for the electrons in the 3.1 band to move 
into; therefore, tlley cannot contribute to conduction. "'lith no empty states through 

which charged particles may contribute to conduction, Mg should be an insulator. 

But it is not. The reason is that as in the case ofNa, the 3p and 35 bands overlap (see 

Fig. 24-25). Because the 3p band has 6N empty states, the 2N electrons have available 

to tl1em 2N +6N states ofwhich only 2N are occupied. Mg is therefore a conductor. 

Similar arguments apply to beryllium, calcium, zinc, and barium, all of which are in 

the same group in the periodic table. 

Now consider carbon (15 2 252 2p2) in its diamond structure. As N atoms of C 

are brought togeilier, they have 6N electrons. 2N fill the Is band, 2N fill the 2s band, 

and mere are 2N electrons left to place in the next available band, me 2p, which has 

room for 6N electrons. The 2p band would be a partially filled band witl1 plenty of 

empty states available (see Fig. 24-26). Diamond should merefore be a conductor. 

But it is not. It is an excellent insulator. As we mentioned before, me qualitative 

arguments elucidate the main features of band structure. However, when dealing 

,Vitll a specific Clystalline material, the arguments must become quantitative. \"lhen 
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E 

2p 

2s 

.:.::=:::-- - -- Is 

ro InteratomiC separation 

Thc splitting ofrhe atomic cncrg)' levels of carbon into energy bands is followed 

bl' the mcrging of the 25 and 2p bands and a subsequent splitting of thesc bands as the interatomic 

sp;)(ing decreases. At the equilibrium inter-atomic spacing 1"0, all cn<:rgv gap E!J separates two hybrid 

'2'( 2p' cnCl"g), bands in a diJmond crystal. 

this is done, interesting feamres occur, sLlch as band overlap. In the case ofdiamond, 

germanium, and silicon, an even more interesting feature is revealed. 

As the carbon atoms are brought together to form diamond, the energy levels 

begin to split into bands starting with the outermost shell, n = 2 (25 and 2p levels) 

(Fig. 24-27). As the interatomic spacing decreases farther, the 25 and 2p bands begin 

to overlap and merge into a single '252p' band with 8N states available. As the 

sqJ<1ration decreases even farther, approaching the interatomic equilibrium spacing 

1"0, the '252p' band splits again into two hybrid bands separated by an energy gap 

EB , which increases with decreasing separation. The value ofEg is about 6 eV for the 

equilibrium distance of ro ~ 1.5 x 10- 10 m. However, each of these two bands now 

contains 4N states. The result: Of the total 6N electrons, 2N go into the 15 band and 

the remaining 4N into the lower hybrid '25 2p' band and fill it. Thus, at T = 0 K the 

valence band (the lower '2j' 2p' band) is full (Fig. 24-28), and diamond is an insulator. 

;\ote that this is only true for the diamond structure of carbon, not for graphite. 

The bands of germanium (Ge) and silicon (Si) show a similar behavior. In the case 

of Si, the mi).:ing and subsequent splitting occurs between the 35 and 3p, IVhereas in 

the case of Ge it occurs between the 4s and the 4p. There is, however, an important Number of e's 
Band in the bandquantitative ditference between diamond and Si and Ge. The energy gap Eg between - - - --- ­

the filled valence band and the next empty band for Ge and Si is mLich smaller than 2P 2N 
ffor C: Ell (Ge) = 0.7 eV, Eg (Si) = 1.1 eV At T = 0 K, pure C, Si, and Ge behave 

identically. They are perfect insulators because the valence band is filled. However, as 2S{ -------- -2N 
T increases, some of the electrons in the valence band can be thermally excited across 1 ------ ­
the energy gap into the next band, which now becomes the conduction band, and E 

Isl _ _ ____ _ 2N 

as ,) result electrical conduction C<1D take place. How many electrons can be excited Expected 

depends on how big Eg is and, of course, on T. The higher T, the greater the thermal occup~tioI1 of the energy b~l1ds in a 


diamond crystal of N aroms. 
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E 

2p 

2s 

Is 

'u Intera tomic separation 

The splirring ofthe atomic energy levels of carho n into energy band s is fo llowed 

bl' the merging o f the 2s and 2p hands and a subsequent splirring of these bands as the inrerJtomic 

sf)ac ing decreases. At the equ ilibriu111 inrcr-c1tolllic spacing 1'0, an energy gap Eg separates tIVO hybrid 

'2s 2p' energy hands in ,1 diamond crystal. 

this is done, interesting features occur, such as band overlap. In the case of diamond, 

germanium, and silicon, an even more interesting feature is revealed. 

As the carbon atoms are brought together to form diamond, the energy levels 

begin to split into bands starting with the outermost shell, n = 2 (25 and 2p levels) 

(Fig. 24-27). As the interatomic spacing decreases farther, the 25 and 2p bands begin 

to o\erJap and merge into a single '252p' band with 8N states available. As the 

separation decreases even farther, approaching the interatomic equilibrium spacing 

ro, the ' 25 2p' band splits again into two hybrid bands separated by an energy gap 

Eg , which increases with decreasing separation. The value ofEg is about 6 eV for the 

equilibrium distance of 1'0 :::.:; 1.5 X 10-10 111. However, each of these t\vo bands now 

contains 4N states. The result : Of the total6N electrons, 2N go into the 15 band and 

the remaining 4N into the lower hybrid '25 2p' band and fill it. Thus, at T = 0 K the 

valence band (the lower '25 2p' band) is full (Fig. 24-28), md diamond is an insulator. 

Note that this is only true for the diamond structure of carbon, not for graphite. 

The bands of germanium (Ge) and silicon (Si) show a similar behavior. In the case 

of Si, the mixing and subsequent splitting occurs bet\veen the 35 and 3p, whereas in 

tbe case of Ge it occurs between the 4s and the 4p. There is, however, an important 

quantitative difference bet\vcen diamond and Si and Ge. The energy gap Ed bet\veen 

the filled valence band and the next empty band for Ge and Si is much smaller than 

for C £..IJ (Ge) = 0 .7 cv, Eg (Si ) = 1.1 eV At T = 0 K, pure C, Si, and Ge behave 

identically. They are perfect insulators because the valence band is filled. H o wever, as 

T increases, some of the electrons in the valence band can be thermally excited across 

the energy gap in to the next band, which now becomes the conduction band, and 

as a result electrical conduction can take place. How many electrons can be exci ted 

depends on how big Eg is and, ofcourse, on T. The higher T, the greater the thermal 
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Band 

Hybrid '2s 2P'{ _ __.­_ __4N states, no electrons J'I (, l RI-. 2-! 21:1 Acrual 

!Eg ~ 6 eV 

Hybrid '2s 2p'1___ _ _ __ 4N states, 4N electrons 

Is 1J _____ _ 2N states, 2N electrons 

energy, and therefore the greater the number ofelectrons that will be able to make the 

jump across the energy gap and, naturally, the greater the electrical conductivity. This 

is the reason why the conductivity of an insulator and of a semiconductor increases 

with T (as opposed to a metallic conductor). 'Ve will discuss this further in the next 

chapter. 

The number of electrons in the conduction band at a given temperature will 

depend on Eg , the magnitude of the energy gap between the valence and the 

conduction bands. The smaller Eg , the greater the probability that the electrons 

at the top of the valence band will jump into the conduction band, Thus, at a 

given temperature, we expect that Si (Eg "'" 1eV) will have more electrons in the 
conduction band and therefore, be a better conductor than diamond (Eg = 6 eV). In 

fact, as we will show in Chapter 25, the probability of transition across the energy 

gap is very sensitive to d1e magnitude of Eg. A doubling of Eg will reduce the 

number of conduction electrons by several orders of magnitude (powers of 10). It 

is the magnitude of Eg d1at determines whether a solid is an insulator (diamond) 

or a semiconductor (Si, Ge) at ambient temperatures. Detailed calculations of d1e 

number of conduction electrons and its dependence on Ecq and T are presented in 
Chapter 25, 

24.6 EFFECTIVE MASS 

\lVhen an electric field f acts on afree electron, it exerts a force ef that, from Newton's 

law, will produce an acceleration inversely proportional to its mass, a = ef/m. What 

happens when d1e electron to be accelerated is not free but happens to be in a crystal 

under the influence of the potential of the lattice ions? The answer is that it will still 

accelerate according to Newton's law; however, the electron responds as ifit had some 

effective mass, which is different from its true mass. As we will show, this is because f 

is not the only electric field acting on dK electron inside the crystal. 

We will introduce d1is concept by using a semiclassical picture: an argument 

dlat is half classical and half quantum mechanical. The quantum mechanical part lies 

in dle fact that the motion of an electron is governed by a wave, and that the velocity 

occupation of the energy bands in a 

diamond crystal with N atoms (6N 
electrons). The lower hybrid' 25 2p' 
band is full and separa ted by an 

energy gap Eg from the higher hybrid 

'252P' band, which has no electrons. 
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Band 

Hybrid'2s 2P'{ ___ -.-___4N states, no electrons 

!Eg = 6 eV 

Hybrid '2s 2p'l_______ 4N states. 4N electrons 

Is { 2N states, 2N electrons 

energy, and therefore the greater the nLll11ber ofelectrons that will be able to make the 

jump across the energy gap and, naturally, the greater the electrical conductivity. This 

is the reason why the conductivity of an insulator and of a semiconductor increases 

with T (as opposed to a metallic conductor). We will discuss this further in the next 

chapter. 

The number of electrons in the conduction band at a given temperature will 

depend on Eg , the magnitude of tl1e energy gap between the valence and the 

conduction bands. The smaller Eg , the greater me probability that the electrons 

at the top of the valence band will jump into me conduction band. Thus, at a 

given temperature, we expect that Si (Eg ~ 1 eV) will have more electrons in the 

conduction band and tl1erefore, be a better conductor than diamond (Eg = 6 e V). In 

fact, as we will show in Chapter 25, the probability of transition across me energy 

gap is very sensitive to me magnitude of Eg. A doubling of Eg will reduce the 

number of conduction electrons by several orders of magnitude (powers of 10). It 

is the magnitude of Eg tlut determines whether a solid is an insulator (diamond) 

or a semiconductor (Si,Ge) at ambient temperatures. Detailed calculations of me 

number of conduction electrons and its dependence on Eg and T are presented in 

Chapter 25. 

24.6 EF FECT IVE MASS 

When an electric field E. acts on afree electron, it exerts a force eE. mat, from Newton's 

law, will produce an acceleration inversely proportional to its mass, a = eE./m. What 

happens when me electron to be accelerated is not free but happens to be in a crystal 

under the influence of the potential of me lattice ions? The answer is tl1at it will still 

accelerate according to Newton's law; however, the electron responds as jfit had some 

effective mass, which is different from its true mass. As we will show, tl1is is because E. 
is not tl1e only electric field acting on me electron inside the crystal. 

We will introduce mis concept by using a semiclassical picture: an argument 

that is half classical and half guantum mechanical. The guantum mechanical part lies 

in the fact that the motion of an electron is governed by a wave, and that the velocity 
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ofdle electron is equal to the group velocity Vgrollp oftbe wave, that is, the velocity of 

the envelope, of the wave packet. In our treatment of matter waves and wave packets 

(Section 19.7), we saw that the group velocity is given by Eq. 19.10: 

dE 
v"roup = -d 

e 'P 

,,·here E is the energy of the particle and p is its momentum. 

In the case of a free particle, we can readily show that the group velocity is equal 

to the particle velocity. For a free particle, the energy 

Therefore 

dE d (P2) P mVp<micle 

Vgroup = dp = dp 2m = m = m = Vponick 


Although we have shown that group Vgroup = Vparricle for the free particle case only, 

it can be shown that the relation holds even when the particle is not free, such as the 

case of an electron in a lattice. 

Equation 19.10 defines the group velocity in terms of the energy E and the 

momentum pofthe particle. As we have seen in the Kronig-Penney model, the energy 

is 01ten expressed in terms of the wave vector k. It is convenient , therefore, to define 

the group velocity in terms ofE and !~. This can be done by using de Broglie's relation 

p = hi ?. (Eq. 19.1) and the fact that?. = 2rrlk (Eq. 11.12). Combining Eqs. 19.1 
and 11.12 we have p = hk and hence dp = hdk. Substituting this result for dp in Eq. 

19.10, we obtain 

1 dE 
Vgroup = h dk - . 

The classical part of the argument uses the definition fr0111 mechanics that if a 

force does work dW on a particle, the energy of that particle increases by the same 

amount: dE = dW. Applying this to the present case, we have 

dx 
dE = dW = e[ dx = e[ dt dt = e[ Vg dt 

The rate at which the energy of the particle is changing is therefore 

dE 
dt = e[ Vg 

\Ve also know from Newton's law that when a force acts on a particle, it wiU be 

accelerated . By definition, the acceleration a is 

dVparticJe dVg 
a=-~-

dt dt 
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of the electron is equal to the group velocity ugroup of the wave, that is, the velocity of 

[he envelope, of the wave packet. In our treatment of matter waves and wave packets 

(Section 19.7), we saw that the group velocity is given by Eq. 19.10: 

dE 
ugroup = dp 

where E is the energy of the particle and p is its momennIm. 

In the case ofa free particle, we can readily show that the group velocity is equal 

to the particle velocity. For a free particle, the energy 

Therefore 

p rn Uporrick dE d (i)
Ugroup = Upartide = dp = dp 2m m 

Nthough we have shown that group Ugrollp = Uparri ck for the free particle case only, 
it can be shown that the relation holds even when the particle is not free, such as the 

case of an electron in a lattice. 

Equation 19.10 defines the group velocity in terms of the energy E and the 

1110mennImpofthe particle. As we have seen in the Kronig-Penney model, the energy 

is orren expressed in terms of the wave vector k. It is convenient, therefore, to define 

the group velocity in terms ofE and k. This can be done by llsing de Broglie's relation 

p = hi)... (Eg. 19.1) and the fact that)... = 2rrl k (Eg. 11.12). Combining Egs. 19.1 

and 11.12 we have p = 11k and hence dp = I1dk. Substituting this result for dp in Eq. 

19.10, we obtain 

1 dE 
Ugroup = hdk 

The classical part of the argument uses the definition from mechanics that if a 

force does work dW on a particle, the energy of that particle increases by the same 

amount: dE = dW. Applying this to the present case, we have 

dx 
dE = dW = e[ d.x = e[ - dt = e[ ug dt 

dt 

The rate at which the energy of the particle is changing is therefore 

dE 
i }. , ( \dt = e[ ug 

We also know from Ne\vton's law that when a force acts on a particle, it wiU be 

accelerated, By definition, the acceleration a is 

dUP311:ick dUg 
a = - '--­

dt dt 
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Substituting Eg. 24.5 for ug we obtain 

1 d dE 
a=-- ­

fj dt d/z 

Interchanging the order of the differentiation ofE, we may write 

1 d dE 
a=--­

fj dll dt 

Substituting Eg. 24.6 for dE/dt in Eg. 24.7 yields 

e[ dUg 
a=- ­

fj dk 

From Eg. 24.5, it follows that 

Rearranging terms, we get 

fj2 
e[ = -- a 

d2E 
d/z 2 

Noting that e[ is the force of the externally applied electric field , we conclude that 

Eg . 24.8 has the form F = m*a, where 

fj2 
m*= -- ( 1-t-.9) 

d2E 
dk 2 

The response of the electron in the solid to an externally applied electric field is as if 

it had an effective mass m* given by the expression in Eg. 24.9. Let us see ifEg . 24.9 

gives the correct result for the free electron case. From Eg. 24.4, for the free electron 

(24.4 \ 

and 

Substitute this result into Eg. 24.9 and obtain 

/1 2 


m* = - = n1

fj2 

When the electron is free, the effective mass is the tme mass, as it should be. However, 

when the electron is in a crystal , m* is different from m because the energy is not 

proportional to k2 
, as we saw in the Kronig-Penney model. 
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Substituting Eq. 24.5 for Vg we obtain 

1 d dE 
a=--­

I; dt dh 

Interchanging the order of the differentiation ofE, we may write 

1 d dE 
a = hdh dt 

Substituting Eq. 24.6 for dE/dt in Eq. 24.7 yields 

e[ dVg 
a=-­

I; dh 

From Eq. 24.5, it follows that 

Rearranging terms, we get 

1;2 
e[ = -- a (24).:)

d2E 

dk2 

Noting that e[ is the force of the externally applied electric field, we conclude that 

Eq. 24.8 has the form F = m'a, where 

1;2 
m*= - - ( 24.9) 

d2E 

dk 2 

The response of the electron in the solid to an externally applied electric field is as if 

it had an effective mass m* given by the expression in Eg. 24.9. Let us see ifEq. 24.9 

gives the correct result for the free electron case. From Eq. 24.4, for the free electron 

1;2k2 

E= - (24 .4 ) 
2m 

and 

m 

Substitute this result into Eq. 24.9 and obtain 

fj 2 
m* = - =rn

1;2 

m 

vVhen the electron is free, d1e effective mass is the true mass, as it should be. However, 

when the electron is in a crystal, m* is different from m because d1e energy is not 

proportional to k2 
, as we sa,"v in d1e Kronig-Penney model. 



The physical reason is the following. The electron in the crystal moves under 

the influence ofinternalforces exerted by the electric fields of the ions of the lattice and 

the external force resulting from the externally applied electric field. If we choose to 

use Eq. 24.8 to describe the motion of the electrons, we describe the motion in terms 

of the external force alone. However, the effect of the internal forces is hidden in m*. 

Let us recall the results that we obtained from the Kronig-Penney model 

concerning the relation betweenE and k (Fig. 24-10). The relation for the first allowed 

b:.lDd is represented by the solid line in Fig. 24-30a. For small k's both curves, the free 

electron one (the dashed line) and the one obtained from the model, are quite similar. 

Both the first and the second derivatives are almost the same; therefore, m is about 

egual to m*. Notice, however, that in the Kronig-Penney curve the first derivative 

(the slope) first increases for small values of 11 and then decreases as k approaches rr/d. 
We illustrate a q ualitati ve plot of the slope dE/d/z versus k in Fig. 24-30b. We may also 

draw a qualitative illustration ofd2E/dk2 from Fig. 24.30b. Its appearance is that of 

Fig. 24-30c. The reciprocal ofd2E/dk 2 is proportional to the effective mass, from Eg. 

24.9. These reciprocal curves are shown in Fig. 24-30d. We see that for small values 

of 11 the effective mass m* is essentially equal to the mass of a free electron m. As dE/dk 

approaches the ma;ximum, d2E/dk 2 begins to decrease and m* increases. When dE/dk 

reaches the m3.-"Ximum, d2E/dk 2 = 0 and m* becomes infinite. Subsequently, d2E/dk2 

becomes negative and m* is negative. 

We may draw the following conclusions about the effective mass m* of an 

electron moving in a periodic lattice (see Fig. 24-30d). 

m* is not always equal to m. 

m' can be greater than WI and, in fact, infinite. 

m* can be less than m or even negative. 

We can gain some understanding of the behavior of m* if vve consider the way 

an electron wave is reflected by tl1e lattice ions. We know from Section 12.7 that a 

wave is totally Bragg reflected if 

2dsin8 = nA I .2 I 1./ 

·ll-, I lU . "'+-,,') (a) Dependence of the energy E ofan electron on its wave vector 11, md hence its 

mOl11entLll11 p (solid line) for the first aUowcd energy band of the Kronig-Penne), model (see Fig. 24­

10). The dashed line illustrates the relation between E and k for the free electron cast. (b) Qualitative 

plot of the derivative ofE with respect to k as a function of" for the solid line of (a). (c) Qualitative 

plot of the second derivative ofE with respect to 11 as a function ofk. (d) Dependence of the effective 

l11ass In* of the electron on the wave vector It for the situation depicted b), the solid line of Figure 

(a). Note that the effective mass is negative near Ole top of the band, out is, as k approaches It/d. 
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The physical reason is the following. The electron in the crystal moves under 

the influence ofinternalforces exerted by the electric fields of the ions of the lattice and 

the external force resulting from the externally applied electric field. If we choose to 

use Eq. 24.8 to describe the motion of the electrons, we describe the motion in terms 

of the external force alone. However, the effect of d1e internal forces is hidden in m*. 

Let us recall d1e results that we obtained from the Kronig-Penney model 

concerning the relation between E and k (Fig. 24-10). The relation for the first allowed 

band is represented by the solid line in Fig. 24-30a. For small/~'s both curves, the free 

electron one (the dashed line) and the one obtained from the model, are quite similar. 

Botb the first and the second derivatives are almost the same; therefore, m is about 

equal to m*. Notice, bowever, that in the Kronig-Penney curve the first der ivative 

(the slope) first increases for small values ofle and then decreases as k approaches n/d. 

We illustrate a qualitative plot of the slope dE/dk versus k in Fig. 24-30b. We may also 

draw a qualitative illustration ofd 2E/dk2 from Fig. 24.30b. Its appearance is that of 

Fig. 24-30c. The reciprocal ofd2E/dk2 is proportional to the effective mass, from Eq. 

24.9. These reciprocal curves are shown in Fig. 24-30d. We see that for small values 

of I, the effective mass m* is essentially equal to the mass of a free electron m. As dE/dk 

approaches the maximum, d2E/d/~ 2 begins to decrease and m* increases. vVhen dE/dk 

reaches the ma.:ximum, d 2E/dk2 = 0 and m* becomes infinite. Subsequendy, d 2E/dk 2 

becomes negative and m* is negative. 

We may draw the following conclusions about the effective mass m* of an 

electron moving in a periodic lattice (see Fig. 24-30d). 

m! is not always equal to m. 


) m* can be greater than m and, in fact, infinite. 


, m* can be less than m or even negative. 


We can gain some understanding of the behavior of m* if we consider the way 

an electron wave is reflected by the lattice ions. We know from Section 12.7 that a 

wave is totally Bragg reflected if 

2d sin e= n)... 

l- i l l [( r·, ~ ~ 2') (a) Dependence of the energy E ofan electron on its wave vector k, and hence its 

momentump (solid line) for the first allowed energy band of the Kronig-Penney model (see Fig. 24­

10). The dashed line illustrates the relation benveen E andk for the free electron case. (b) Qllalitative 

plot of the derivative ofE with respect to Ii as a function ofk for the solid line of (a). (c) Qualitative 

plot of the second derivative ofE with respect to Ii as a function of Ii. (d) Dependence of the effective 

mass m' of the electron on the wave vector Ii for the situation depicted by the solid line of Figure 

(a). Note that the effectlve mass is negative near the top of the band, that is , as /, approaches IT/d . 
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In the case of a one-dimensional lattice that we have been considering, e 
(Fig. 23-21) and Eq. 12.11 becomes 

2d = nA 

This is sketched in Fig. 24-31. We can express the Bragg equation in terms of the 

wave vector k = 2nlA 

2n 
2d = nA = n­

k 

and 

n 
k =n­

d 

At the bottom of a band where k "" 0, there is practically no reflection because the 

Bragg condition is far from being satisfied. The lattice ions will have little effect on 

the electron when it is accelerated by the external field E.. Higher up in the band, k will 

get closer to the critical value nld and reflection starts to become appreciable. In this 

region, as the external field E. accelerates the electron, the momentum increases and 

gets closer to the critical value. The external field increases the forward momentum, 

but at the san1e time enhances reflection, and the reflection corresponds to reversing 

the sign of the momentum. At the point where 11m' = °(that is, m' = (0), the gain 

in the forward momentum resulting from the applied E. is exactly compensated by the 

resulting enhancement in reflection by tl1e lattice ions. The net change in the forward 

momentum is zero. Thus the overall response of the electron to the field E. is as ifithad 

an infinite mass; that is, it cannot be accelerated. At the top of the band, even closer to 

the critical value for total reflection, tl1e second effect (enhanced reflection) is more 

important than the direct action of tl1e applied field. The net result is that tl1e electronto . 
responds with a change in momentum that is in the opposite direction to what the 

.' free electron would have acquired: the electron responds as ifit had a negative mass. 

The concept of effective mass has many uses. For example, in the free electron 

models we derived an expression for the electrical conductivity (J by considering tl1e 

Empty conduction band 

T=OK f T>OK 
Eg 
t I I I I I 

Filled valence band 

(a) (b) 

(a) At T = 0 K, the valence band of a semiconductor is filled with electrons 

and separated by an energy gap Eg from an empty conduction band. (b) At T > 0 K electrons arc 

thermally excited into the conduction band, leaving behind in the valence band unoccupied energy 

states called holes, which behave as mobile positive charge carriers. 

il l ., I ' I, 1 _ ' , Bragg 

scattering of an electron wave by a 
one-dimensional array of ions. 
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flCl'KL 2-1.::;0 Bragg 

scattering of an electron wave by a 

one-dimensional array of ions. 

In the case of a one-dimensional lattice that we have been considering, e = 90° 

(Fig. 23-21) and Eq. 12.11 becomes 

2d =nA 

This is sketched in Fig. 24-31. We can express the Bragg equation in terms of the 

wave vector k = 2lr/A 

2lr 
2d =n)" =11­

k 

and 

k=n!!... 
d 

At the bottom of a band where k ~ 0, there is practically no reflection because the 

Bragg condition is far from being satisfied. The lattice ions will have little effect on 

the electron when it is accelerated by the external field [. Higher up in the band, k will 

get closer to the critical value lr/d and reflection starts to become appreciable. In this 

region, as the external field [ accelerates the electron, the momentum increases and 

gets closer to the critical value. The external field increases the forward momentum, 

but at the same time enhances reflection, and the reflection corresponds to reversing 

the sign of the momentum. At the point where lim' =°(that is, m' = 00), the gain 
in the forward momentum resulting from the applied [ is exactly compensated by the 

resulting enhancement in reflection by the lattice ions. The net change in the forward 

momentum is zero. Thus the overall response ofthe electron to tl1e field [ is as if it had 

an infinite mass; that is, it cannot be accelerated. At the top of the band, even closer to 

the critical value for total reflection, the second effect (enhanced reflection) is more 

important than the direct action of the applied field. The net result is that tl1e electron 

responds with a change in momentum that is in the opposite direction to what the 

free electron would have acquired: the electron responds as if it had a negative mass. 

The concept of effective mass has many uses. For example, in the free electron 

models we derived an expression for the electrical conductivity (J by considering the 

Empty conduction band 

T=OK T>OK I I I ! I 

Filled valence band 

(a) (b) 

I Jl~ L' HJ 2-1 11 (a) At T == 0 K, the valence band of a semiconductor is filled with electrons 

and separated by an energy gap Eg from an empty conduction band. (b) At T > 0 K electrons are 

thermally excited into the conduction band, leaving behind in the valence band unoccupied energy 

states called holes, which behave as mobile positive charge carriers. 
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reSponse of the electrons to an electric field, and we found the conductivity (J ex 11m 
(£q. 23.14). We can easily make the correction to the model, that is, account for the 

fK[ [hat the electrons are not really free but instead th.ey move in the electric potential 

of [he ions. All that has to be done is to replace the tme mass m by the effective mass 

711 '. In many metals this has little etTect because m* ~ 111 (for example, eu, Na, AI, 

and K). But in some metals it has a significant effect. As an example, the average 11'(' 

for iron (Fe) is about 10 times the free electron mass m, and this is one reason why 

iron is not a very good electrical conductor. 

iVhat aboLlt negative mass? Are there any cases where the electrons travel in the 

S,l I11 C direction as the electric field? These questions lead us to our next topic. 

2 4 .7 !-IO LES 

The concept that electrons near the top of the band have negative effective mass leads 

to J lery interesting feature that has a tremendous importance ill the operation of all 
semiconductor devices. 

At T = 0 K, the band structure of a semiconductor is characterized by a fully 

oCCllpied valence band and ,1 completely empty conduction band (see Fig. 24-32a). 

The semiconductor ideally is ,U1 insulator with zero conductivity at T = 0 K. As the 

temperature is raised, some electrons in the valence band can receive enough thermal 

encl'iW and be excited into the conduction band because the energy gap between the 

two b.1l1ds is rather nJrrow. The result is that there are some electrons in an otherwise 

empty conduction band Jnd some unoccupied states in an otherwise filled valence 

bal1d , see Fig. 24-32b. An empty state in the valence band is called a hole. 

The electrons in the conduction band can 1110ve under the influence of an 

extnllal electric field because they have available to th.em many empty higher energy 

st.m:s, and they can contribLlte to the current density]. Similarly, the electrons in the 

valence band can move into the empty states (boles) left: by the electrons that were 

excited into the conduction band. 'vVe will assume, based on our previoLls discLlssion, 

that the empty states at the top of the valence band are negatiFe effictiFe tnass states. 

The interesting a.nd important feature that we mentioned before is that the 

conduction by the electrons in the valence band as they move into the empty negative mass 

sttltes is completely equivalent to the conduction by particles ofpositiFe chmge and positipe 

lIli!5S. The number afsuch +q) +,-n particles is equal to the number ofavailable empty states) 

tiJilt is, the number of"holes.» BasicaUy, what we are saying is that when considering the 

COntribution to the electric current from the valence band, we ignore the electrons, 

and instead we treat it as if conduction took place via positively charged holes. 
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response of the electrons to an electric field, and we found the conductivity (J <X 11m 

(Eq. 23.14). We can easily make the correction to the model, that is, account for the 

fact that the electrons are not really free but instead they move in the electric potential 

of the ions. Ail that has to be done is to replace the true mass m by the effective mass 

1'/J'. III many metals this has little effect because m* ~ m (for example, Cu, Na, Al, 

Jnd K). But in some metals it has a significa.nt effect. As an example, the average m* 

for iron (Fe) is about 10 times the free electron mass m, and this is one reason why 

iron is not a very good electrical conductor. 

What abollt negative mass? Are there any cases where tlle electrons travel in the 

5.1111e direction as the electric field? These questions lead us to our next topic. 

HOL ES 2 4 • 7 

The concept that electrons neJr the top of the band have negative effective mass leads 

to a very interesting feature that has a tremendous importance in the operation of all 

semiconductor devices. 

At T = 0 K, the band structure of a semiconductor is characterized by a fully 

ocwpied valence band and a completely empty conduction band (see Fig. 24-32a). 

The semiconductor ideally is an insulator with zero conductivity at T = 0 K. As the 

temperature is raised, some electrons in tlle valence band can receive enough thermal 

ellCl'gy and be excited into the conduction band because the energy gap between the 

two bands is rather narrow. The result is that there are some electrons in an otherwise 

empty conduction band :md some unoccupied states in an otherwise filled valence 

b:ll1d, see Fig. 24-32b. An empty state in the valence b,md is called a hole. 

The electrons in the conduction band can move under the influence of an 

o:.temal electric field because they have available to them many empty higher energy 

states, and they can contribute to the current density j. Similarly, the electrons in the 

valence band can move into the empty states (holes) left by the electrons that were 

excited into the conduction band. We will assume, based 011 our previous discussion, 

ti1.lt the empty states at the top of the valence band are negatipe effective mass states. 

The interesting and important feature that we mentioned before is that the 

cOilduction by the electrom in the valence band as they move into the empty negatil'e mass 

states is completely equiFalent to the conduction by particles ofpositipe charge and positive 

rnass. The number ofsuch +q, +m pm-tides is equal to the nurnber ofavailable empty states, 

that is) the ntl'lnber of"holes.» Basically, what we are saying is tllat when considering the 

COlltribmion to the electric current from the valence band, we ignore the electrons, 

and instead we treat it as if conduction took place via positively charged holes. 

http:significa.nt
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convention is that it is negative if the predominant type ofcarrier is the electron, and 

positive if it is the hole. Regardless of the complexities involved in the calculation of 

RH "vhen both types of carriers are present, it should be clear that RH could never be 

positive if holes were not a reality. Some examples of the value of the Hall coefficient 

are listed in Table 24-2. 

TABLE 24-2 

RH 
Solid (m3/C) 
Lithium -17 x 10-11 

Sodium -25 x 10- 11 

Beryllium +24 x 10- 11 

Zinc +3 x 10-11 

Cadmium +6 x 10- 11 

It can be seen in this table that some well-known metals conduct electricity with holes 

as the predominant charge carrier. 

We conclude this chapter with a comment about the behavior ofboles. Consider 

the situation depicted in Fig. 24-32b, where a few electrons have been excited into the 

conduction band of the semiconductor leaving behind an equal number of holes at 

the top of the valence band. As we indicated earlier in this section, ifaddi tional energy 

is provided to the charge carriers of the semiconductor, such as by the application of 

an external electric field, the electrons in the valence band will move up into the empty 

states (the holes). When this happens, the holes move down from their initial position 

in the valence band. Because we have decided to ignore the electrons in the valence 

band and instead consider only the holes, we conclude that when energy is provided 

to the carriers in the valence band, the holes move down, or putting it differently, tlle 

energy of the holes increases downward from the top of the valence band. This fact will 

be used in Section 25 .2a to calculate the hole concentration in the valence band of a 

semiconductor. 

P ROBLEMS 

2 oJ. I In the Kronig-Penney model , the relation between me where 

continuous and it is that of the free particle, 

sin yd 
p-- + cos yd = cos lid 

yd 

112/12 p2 
E = 2m = 2m 

energy E and the momentum p of the electrons is given by _ (2rf1E)1/2 and
Y - 112the relation 

t n becomesShow that if Epo = 0, the energy spec rul 
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convention is that it is negative if the predominant type ofcarrier is the electron, and 

positive if it is the hole. Regardless of the complexities involved in the calculation of 

RH when botb types ofcarriers are present, it sbould be clear that RH could never be 

positive ifholes were not a reality. Some exan1ples of the value of tl1e Hall coefficient 

are listed in Table 24-2. 

Solid 

Lithium -17 X 10- 11 

Sodium -25 x 10-11 

Beryllium +24 X 1O- 11 

Zinc +3 x 10- 11 

Cadmium +6 x 10-11 

It can be seen in this table tl1at some well-known metals conduct electricity with holes 

as the predominant charge carrier. 

We conclude this chapter with a comment about the behavior ofholes. Consider 

the situation depicted in Fig. 24-32b, where a few electrons have been excited into the 

conduction band of the semiconductor leaving behind an equal number of holes at 

the top of the valence band. As we indicated earlier in this section, ifadditional energy 

is provided to the charge carriers of tl1e semiconductor, such as by the application of 

an external electric field, the electrons in the valence band will move up into the empty 

states (the holes). When this happens, the holes move down from their initial position 

in the valence band. Because we have decided to ignore the electrons in the valence 

band and instead consider only the holes, we conclude that when energy is provided 

to the carriers in the valence band, the holes move dovvn, or putting it differently, the 

energy of the holes increases downwal'd from the top of the valence band. This fact will 

be used in Section 25.2a to calculate the hole concentration in the valence band of a 

semiconductor. 

PROBLEMS 

2 4 . I In the Kronig-Penney model, the relation between the where 

energy E and the momentum p of the electrons is given by mEpobd = (2mE)1 /2 
me relation p= - 11-2-' y 112 ' and k = t

fj 

Show that if Epo = 0, the energy spectrum become 

continuous and it is that of the free particle, 

sin yd fJ21z2 p2
P7 + cos yd = coshd E=- = ­

2m 21n 



U~L physical arguments to justi~' this result. 

Sketch the possible wave functions, as in Fig. 24-21, 

till' :1 3 atom chain of hydrogen atoms. How many energy 

!c1'elS Jre formed? 

The solution of the Kronig Penney model shows 

thar the width of the allowed bands increases as the energy 

increases (see Fig. 24-9). Use the arguments presented in Sec­

rion 24-4 concerning the overlap ofthe atomic wavefunctions 

to ec;plain this result. 

Use the arguments presented in Section 24-S to pre­

dicr the band srrucnlre of (a) Li, and (b) Al. (c) Given the 

results predicted by these simplified arguments, how do you 

expLlin that aluminum is trivalent? 

Use the concept of band theory to explain the follow­

ing observations: Most insulators are transparent to visible 

lighr, semiconductors are transparent to infrared light but 

opaque to visible light, all metals are opaque to light of all 

wavelengths. 

The energy gaps of some alkali halides are KCI = 
7.6 eY, KBr = 6.3eV, KI = S.6eV Which of these are 

rransparent to visible lighr) At what wavelength does each 

become opaque? 

The experimentally determined value of the Fermi 

energ)' in Na is 2.S0 eV In Chapter 23 we showed that 

EF = fj2 [3Nn2]2/3 
2m 

Use rile measured value of EF to calculate the effective mass 

of the electrons. Na is monovalent. Its atomic weight and 

densirv are 22.99 g/molc and 0.97 g/cm 3 , respectively. 

Awwe1': 1.26 m, where m is rhe free electron mass. 

The density of aluminum is 2.70 g/cm3 and its molec­

ular weight is 26.98 g/mole. (a) Calculate the Fermi energy. 

(b) Ifthe experimental value ofEF is 12 eV, what is the electron 

etfectll'e mass in aluminum? Aluminum is trivalent. 

AnslI'er: (a) 11.6eV, (b)0.97m,wherem is the free 


electron mass. 


The experimentally measured specific heat of the 

conducrion electrons in betyllium is C v = 0.S4 x 1O- 4 T 

caIOl"ics/mole-K. (a) What is the Fermi energy for beryllium) 

PR.OBL EMS 

(b) What is the electron effecttve mass in beryllium? The den­

sity of beryllium is 1.86 g/cm3 and its molecular weight is 

9.01 g/mole . 

Answer: 	 (a) IS.7 eV, (b) 0.92 m, where m is the free 


electron mass. 


For a free electron, the relation between its energy 

and its momentum is given by 

p2
E=­

2m 

Because p = hk, the relation can be written as 

The dependence ofEon k is parabolic. For an electron moving 

in the periodic potential of the lattice ions, the relation 

between E and k is more complicated. As we have seen, the 

solution of the Schrodinger equation for an electron moving 

in a one-dimensional periodic potential consisting of equally 

spaced potential wells yields the following relation between 

E andk 

sin yd
P-yd + cos yd = coskd 

where 

is a constant, b is the separation between the wells, d is the 

periodicity of the wells (see Fig. 24-4), and y = [2mE/fj2] 1/2 . 

This equation cannot be solved explicitly for E(I,). It can be 

solved numerically. That is, we pick a value ofE, plug it into 

the equation, and find k. The procedure is repeated for other 

values ofE. This numerical solution yields a rather interesting 

result. There are ranges ofE for which k is a real number. These 

ranges are separated by ranges ofE for which k is imaginary. 

This happens because the left side of the equation is greater 

than 1 or smaller than -1. Because the right side is cos kd, 

and the cosine of a real number varies between 1 and -1, /z is 

imaginary for those values of E for which the left side of the 

equation is greater than 1 or less than - 1. The mo mentum of 

a particle cannot be imaginary; therefore, the electron cannot 

possess rhose values ofE for which It is imaginary. This leads to 

the existence ofallowed and forbidden energy bands in solids. 



Usc flhvsical arguments to justi~' this result. 

Sketch the possible wavefunctions, as in Fig. 24-21, 

for ,1 3 atom chain of hydrogen atoms. How many energy 

leyels are formed? 

The solution of the Kronig Penney model shows 

dut tile width of the allowed bands increases as the energy 

increases (see Fig. 24-9). Use the arguments presented in Sec­

tion 24-4 concerning the overlap of the atomic wavefunctions 

to C\p lain this result. 

Use the arguments presented in Section 24-5 to pre­

dier the band structure of (a) Li, and (b) AI. (c) Given the 

results predicted by these simplified arguments, how do you 

c\pL1in that aluminum is trivalent? 

Use the concept of band theory to explain the follow­

ing observations: Most insulators are transparent to visible 

light, semiconductors are transparent to infrared light but 

opaque to visible light, all metals are opaque to light of all 

w<1\ ·clengths. 

The energy gaps of some alkali halides are KCI = 

7.6eV, KEr = 6.3eV, K1 = 5.6eV Which of these are 

trallSp3rent to vi sible light? At what wavelength does each 

become opaque? 

The experimentally determined value of the Fermi 

energy in Na is 2.50 eV In Chapter 23 we showed that 

EF = ~[3NJT2]2/3
2m 

Use the measured value of EF to calculate the effective mass 

of the electrons. Na is monovalent. Its atomic weight and 

density dre 22.99 g/mole and 0.97 g/cm.l, respectively. 

A nswer: 1.26 I'll, where I'll is the free electron mass. 

The density of aluminum is 2.70 g/cm3 and its ll1olec­

ubr weight is 26.98 g/moic. (a) CaJculate the Fermi energy. 

(b) I(" the experimental value ofEF is 12 eV, what is the electron 

eHcctive mass in aluminum? Aluminum is trivalent. 

A mwer: 	 (a) 11.6 eV, (b) 0.97 I'll, where I'll is the free 


electron mass. 


The experimentally measured specific heat of the 

conduction electrons in beryllium is C v = 0.54 x 1O-4T 

dories/mole-K. (a) What is the Fermi energy for beryllium> 

PR O BLEM S 

(b) What is the electron effective mass ill beryllium? The den­

sity of beryllium is 1.86 g/cm3 and its molecular weight is 

9.01 g/mole. 

AnsJver: 	 (a) 15.7 eV, (b) 0.92 m, where m is the free 


electron mass. 


For a free electron, the relation between its energy 

and its momentum is given by 

p2
E=­

2m 

Because p = 11k, the relation can be written as 

112e 
E=­

2m 

The dependence ofEon k is parabolic. For an electron moving 

in the periodic potential of the lattice ions, the relation 

between E and k is more complicated. As we have seen, the 

solution of the Schrbdinger equation for an electron moving 

in a one-dimensional periodic potential consisting of equaily 

spaced potential wells yields the following relation between 

E and 1< 

sin yd 
p-- + cos yd = cosl<d 

yd 

where 

is a constant, b is the separation between the wells, d is the 

periodicity of the wells (see Fig. 24-4), and y = [2mE/h2] 1/ 2 . 

This equation cannot be solved explicitly for E(k). It can be 

solved numerically. That is, we pick a value ofE, plug it into 

the equation, and find 1<. The procedure is repeated for other 

values ofE. This numerical solution yields a rather interesting 

result. There are ranges ofE for which I< is a real number. These 

ranges are separated by ranges ofE for which Ie is imaginary. 

This happens because the left side of the equation is greater 

than 1 or smaller than -1. Because the right side is cos kd , 
and the cosine of a re;)l number varies between 1 and -1, k is 
imaginary for those values ofE for which the left side of the 

equation is greater than lor less than -1. The momentum of 

a particle cannot be imaginary; therefore, the electron cannot 

possess those v:llnes ofE for which I< is imaginary. This lead s to 

the existence ofallowed and forbidden energy bands in solids. 


